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Abstract 
Wall-bounded turbulent flows are widely observed in natural and engineering systems, such as air flows 
near the Earth’s surface, water flows in rivers, and flows around a car or a plane. The universal logarithmic 
velocity profile in wall-bounded turbulent flows proposed by von Kármán in 1930 is one of the few exact 
physical descriptions of turbulence. However, the mean velocity and temperature profiles cannot be 
adequately described by this universal log law when buoyancy effects are present. Monin-Obukhov 
similarity theory (MOST), proposed in 1954, has been the cornerstone theory to account for these buoyancy 
effects and to describe the atmospheric boundary layer. MOST has been used in almost all global weather, 
climate and hydrological models to describe the dependence of the mean velocity, temperature and scalar 
profiles on buoyancy. According to MOST, the logarithmic temperature profile breaks down as buoyancy 
effects become important. In contrast, here we show that this long-standing MOST theory does not apply 
for temperature. We propose a new theory for the logarithmic profile of near-wall temperature, which 
corrects MOST pitfalls and is supported by both high-resolution direct numerical simulations and field 
observations of the convective atmospheric boundary layer. Buoyancy effects do not modify the logarithmic 
nature but instead modulate the slope of the temperature profile compared to the universal von Kármán 
slope. The new formulation has widespread applications such as in climate models, where the proposed 
new temperature log law should lead to more realistic continental surface temperature, which are strongly 
impacted by buoyancy. 
 
Introduction 
The log law of velocity (1) in wall-bounded turbulent flows is one of the cornerstones (2, 3) of 
turbulence theory. Similarly, the log law for mean temperature is widely known (4, 5) to apply in wall-
bounded turbulent flows, where buoyancy effects are absent and when temperature can be treated as a 
passive scalar. The near-wall temperature and velocity profiles and turbulent fluxes in the atmospheric 
surface layer (around the lowest 10% of the ABL (6)) are the key boundary conditions for numerical weather 
prediction (7), global climate models (8-10) and hydrological models (11). Monin-Obukhov similarity theory 
(MOST), developed in 1954, aims at correcting the log law in the presence of buoyancy effects (12) and 
has been the cornerstone of atmospheric boundary layer turbulence. MOST has since been used in most 
applications to define atmospheric boundary layer fluxes (7-10) as well as the temperature and velocity 
profiles near the surface and how they are modified with varying degrees of buoyancy. MOST (12) corrects 
the log profiles of wind and scalars using a dimensional analysis, based on stability and distance to the wall 
𝑧, assuming that the logarithmic profile needs to be corrected as instability increases (details in equation 
[9]). Yet, it has been recently demonstrated that MOST (12) does not take into account the outer layer 
scaling, such as the depth of the boundary layer 𝑧𝑖, which however could be important for surface layer 
flows (13). We now have the capacity to accurately simulate and observe the atmospheric surface layer so 
that MOST can be reevaluated and systematically tested. 
 
Results 
To obtain the profiles of temperature and velocity in the near-wall region, direct numerical 
simulations (DNS) of convective boundary layers ranging from weakly unstable (convective) to highly 
unstable (13) and free convection (14) are conducted. The three simulations of convective boundary layer 
flow (13) named Sh20, Sh5 and Sh2 are forced with varying mean geostrophic wind. The stability parameter 
𝑧𝑖/𝐿 varies between −7.1, −105.1 and −678.2 (from weakly to highly convective) in those simulations, 
respectively, where 𝑧𝑖 is the convective boundary layer height and 𝐿 is the Obukhov length (15), with a 
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constant and uniform flux boundary condition at the surface. Another simulation of free convection named 
Microhh ReL (similar to van Heerwaarden and Mellado (14)), uses a constant temperature boundary 
condition at 
𝑧𝑖
𝐿
= −100 288.4. Details of the four DNS experiments can be found in the Materials and 
Methods section and are summarized in Supplementary Information Table S1. 
Similarly to Kader and Yaglom (4), the difference between the mean (𝑥-𝑦 plane horizontal average) 
potential temperature 𝛩 at each height 𝑧 and the mean potential temperature 𝛩ℎ at the lowest DNS grid is 
normalized by a scaling temperature 𝜃∗  (Materials and Methods). The instantaneous dimensionless 
temperature 
𝛩−𝛩ℎ
𝜃∗
 fits a log law in 𝑧+ across all DNS datasets (Fig. 1), where 𝑧+ =
𝑧𝑢𝜏
𝜈
 is the normalized 
height 𝑧  in inner units, 𝑢𝜏  is the friction velocity and 𝜈  the kinematic viscosity. The coefficient of 
determination 𝑅2 for 
𝛩−𝛩ℎ
𝜃∗
 and log(𝑧+) is 1.00 for the selected vertical zone near the wall across the DNS 
datasets, emphasizing that the temperature follows a log law across conditions. However, the normalized 
velocity 
𝑈
𝑢𝜏
, with 𝑈 the mean streamwise velocity, does not follow such a log law (details in Supplementary 
Information Fig. S4) in more convective conditions (𝑅2 ≤ 0.22 at 
𝑧𝑖
𝐿
≤  −105.1). The deviation from velocity 
log law is due to buoyancy effects (16-19), which is also suggested by MOST. Such a distinct behavior of 
temperature and velocity has also been recently reported in turbulent natural convection (20). 
 
Figure 1. Vertical profiles of the normalized potential temperature and heat flux averaged in the 𝑥-𝑦 plane 
in different convective DNS datasets. Details of the DNS datasets (a) Sh20, (b) Sh5, (c) Sh2 and (d) 
Microhh ReL are introduced in Supplementary Information Table S1. 𝛩 is mean potential temperature in 
the 𝑥-𝑦 plane at each height, 𝛩ℎ is mean potential temperature in the 𝑥-𝑦 plane at the lowest DNS grid, 𝜃∗ 
is a scaling temperature, 𝑧+ =
𝑧𝑢𝜏
𝜈
 is normalized vertical coordinate, 𝑢𝜏  is the friction velocity, 𝜈  is the 
kinematic viscosity, 𝜅 is the von Kármán constant, 𝑅2 is the coefficient of determination, 𝑤′ is the fluctuation 
of vertical velocity, 𝜃′ is the fluctuation of potential temperature and <> denotes averaging in the 𝑥-𝑦 plane. 
The black dashed line denotes the fitted log profile and the slope is shown. The red dashed line denotes 
the mean heat flux in the constant heat flux zone. 
 
The coexistence of a temperature log law and constant heat flux observed in the DNS datasets 
resembles the coexistence of the velocity log law and constant momentum flux in turbulent shear flows 
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(21). This constant heat flux zone is similar to the atmospheric surface layer, which by definition has nearly 
constant fluxes (6). The black dashed line in Fig. 4 is used to denote more precisely the vertical zone where 
the temperature log law and constant heat flux coexist. The slope of the DNS temperature log law is not 
constant but instead decreases from 
1
5.89𝜅
 to 
1
164.55𝜅
 when 𝑧𝑖/𝐿 decreases from −7.1 to −100 288.4, where 
𝜅 ≈ 0.40 is the von Kármán constant. This is in contrast with the universal log law for mean velocity in 
turbulent shear flows (22) which has a constant slope of 
1
𝜅
 . Such a variation of the temperature slope was 
also observed in recent Rayleigh-Bénard convection (23). In the vertical region where the temperature log 
law exists, the turbulent heat flux 𝑤′𝜃′̅̅ ̅̅ ̅̅  is almost constant across the DNS datasets (Fig. 1), whether a 
constant heat flux boundary condition is applied like in simulations Sh20, Sh5 and Sh2 or whether a 
constant surface temperature is prescribed like in Microhh ReL. 
To provide theoretical foundation for our log law observation for potential temperature in the 
presence of buoyancy, we turn to the transport equation for the heat flux 𝑤′𝜃′̅̅ ̅̅ ̅̅  in the horizontally 
homogeneous atmospheric boundary layer (6) 
 𝜕𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
𝜕𝑡
=
𝑔
?̅?
𝜃′𝜃′̅̅ ̅̅ ̅̅ − 𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅
𝜕?̅?
𝜕𝑧
−
𝜕𝜃′𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝜕𝑧
−
1
?̅?
𝜃′
𝜕𝑝′
𝜕𝑧
̅̅ ̅̅ ̅̅ ̅
, [1]  
where 𝑡 is time, 𝑔 the gravitational acceleration, ?̅? the mean potential temperature (also denoted as 𝛩), ?̅? 
the mean density, 𝑝′ the pressure fluctuation and ∙∙∙̅ (or <>) the horizontal averaging in the 𝑥-𝑦 plane. With 
some assumptions, shown in the Materials and Methods section, the 𝑤′𝜃′̅̅ ̅̅ ̅̅  transport equation can be 
simplified to 
 
−
𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
𝜕?̅?
𝜕𝑧
=
𝑢𝜏𝜃∗
𝜕?̅?
𝜕𝑧
= 3.6𝛼3𝛼4 (
𝑧𝑖
𝐿
)
2
3 𝑢𝜏
2
𝑤∗
𝑧, [2]  
where 𝛼3 is independent of 𝑧 and is a constant in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −7.1 based on the DNS 
datasets, 𝛼4 is a parameter that may vary with 𝑧 and 
𝑧𝑖
𝐿
, and 𝑤∗ is a convective velocity scale (24). If 𝛼4 does 
not vary with 𝑧 in the constant heat flux zone, the above equation suggests that −
𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
𝜕?̅?
𝜕𝑧
 should be linearly 
related to 𝑧. 
 
Figure 2. The dimensionless turbulent eddy diffusivity 
𝜈𝑇𝜃
𝑢𝜏𝑧𝑖
 for potential temperature in the 𝑧 direction in 
different convective DNS data. 𝜈𝑇𝜃 is the turbulent diffusivity for potential temperature and other variables 
have the same definition as those in Fig. 1. The red dashed line indicates linear regression in the constant 
heat flux zone. 
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We further define a turbulent eddy viscosity coefficient for potential temperature as 𝜈𝑇𝜃 ≡ −
𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
𝜕?̅?
𝜕𝑧
. 
The DNS datasets support our theoretical derivation and the fact that 𝜈𝑇𝜃 ∝ 𝑧 (Fig. 2), thus 𝛼4  can be 
regarded independent of 𝑧  in the constant heat flux layer across convective conditions in the DNS 
experiments. We further define a variable 𝜅𝜃 as below 
 
𝜅𝜃 ≡
𝜈𝑇𝜃
𝑢𝜏𝑧
= 3.6𝛼3𝛼4
𝑢𝜏
𝑤∗
(
𝑧𝑖
𝐿
)
2/3
. [3]  
Based on our analysis in Materials and Methods, 𝜅𝜃 does not depend on 𝑧 since both 𝛼3 and 𝛼4 do not vary 
with 𝑧 in the constant heat flux region. The 𝑤′𝜃′̅̅ ̅̅ ̅̅  transport equation can then be written in a form similar to 
the neutral velocity log law 
𝑢𝜏𝜃∗
𝜕?̅?
𝜕𝑧
= 𝜅𝜃𝑢𝜏𝑧, so that the potential temperature profile with buoyancy is rewritten 
as: 
 ?̅?−?̅?0
𝜃∗
=
1
𝜅𝜃
log (
𝑧
𝛿
) + 𝐵, [4]  
where ?̅?0 is mean potential temperature at the wall, 𝛿 = 𝜈/𝑢𝜏 is the viscous length scale, 𝐵 is a parameter 
independent of 𝑧. This constitutes our new theory for the profile of potential temperature in the convective 
boundary layers ranging from the weakly unstable condition to free convection. We note that the conditions 
𝜈𝑇𝜃 ∝ 𝑧 and 𝜅𝜃 independent of 𝑧 are required for the existence of the temperature log law. The slope of the 
temperature log law is 
1
𝜅𝜃
, which is a modulation of the von Kármán constant used in the absence of 
buoyancy effects. The ratio of 𝜅𝜃 to the von Kármán constant 𝜅 is 
𝜅𝜃
𝜅
=
3.6
𝜅
𝛼3𝛼4
𝑢𝜏
𝑤∗
(
𝑧𝑖
𝐿
)
2/3
. The DNS datasets 
suggest that 𝛼4 is not dependent on 𝑧, but one may wonder how the increased convection influences the 
potential temperature profile. The convective boundary layer height can be written as 𝑧𝑖 =
𝑤∗
3
𝑔
?̅?
𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
 according 
to the definition of 𝑤∗ (24). Taking the ratio of 𝑧𝑖 and the Obukhov length 𝐿, we obtain 
 𝑤∗
𝑢𝜏
= (−
𝑧𝑖
𝐿
1
𝜅
)
1/3
. [5]  
Then the ratio of 𝜅𝜃 and the von Kármán constant 𝜅 can be rewritten as a function of the boundary layer 
height 𝑧𝑖 
 𝜅𝜃
 𝜅
=
3.6
𝜅1/3
𝛼3𝛼4
𝑤∗
𝑢𝜏
=
3.6
𝜅2/3
𝛼3𝛼4 (
𝑧𝑖
−𝐿
)
1/3
. [6]  
The DNS datasets show that 
𝜅𝜃
 𝜅
∝ (
𝑤∗
𝑢𝜏
)
2
= (
𝑧𝑖
−𝐿
1
𝜅
)
1
3
∗2
 (Fig. 3a) and thus 𝛼4 ∝ (
𝑧𝑖
−𝐿
)
1/3
 in our stability conditions 
𝑧𝑖
𝐿
 ranging from −678.2 to −7.1 since 𝛼3 is a constant. In the neutral limit though, 
𝑧𝑖
−𝐿
= 1, the temperature 
log law is expected to have the same slope as the velocity log law in neutral turbulent shear flows, i.e., 
𝜅𝜃
𝜅
=
1. Thus, we obtain 
 𝜅𝜃
 𝜅
= (
𝑧𝑖
𝐿
)
2/3
= 𝜅2/3 (
𝑤∗
𝑢𝜏
)
2
, [7]  
for a larger range of stabilities than our DNS, ranging from −678.2 to −1. Besides, the DNS datasets 
suggest that another coefficient 𝐵 in the temperature log law equation satisfies the relation 𝐵 ∝ (
𝑤∗
𝑢∗
)
−1.03
=
(
𝑧𝑖
−𝐿
1
𝜅
)
−1.03
3
 in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −7.1  (Fig. 3b). Further analyses from the DNS datasets 
suggest that 𝐵 ≈ 20 (
𝑤∗
𝑢𝜏
)
−1
= 20 (
𝑧𝑖
−𝐿
1
𝜅
)
−
1
3
 in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −7.1 but it is not as precisely 
determined as the slope 
1
𝜅𝜃
 in log laws (4). 
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Figure 3. Parameters of the temperature log law profile determined from the DNS datasets and field 
observations, and the normalized potential temperature in field observations of the convective atmospheric 
boundary layer. (a) The ratio 
𝜅𝜃
𝜅
 and (b) the temperature log law coefficient 𝐵 plotted against 
𝑤∗
𝑢𝜏
 in various 
convective DNS data. The red asterisk in (a) denotes the case when 
𝜅𝜃
𝜅
= 1 in the neutral limit 
𝑧𝑖
−𝐿
= 1. (c) 
Vertical profiles of normalized potential temperature in convective conditions in the Cabauw Experimental 
Site for Atmospheric Research in the Netherlands. The vertical potential temperature profiles in 10 different 
30-minute convective periods in July 2019 are shown. 𝛩 is the averaged potential temperature at heights 
of 10 m, 20 m, 40 m, 80 m, 140 m and 200 m above the land surface on a tower in a 30-minute period, and 
𝛩ℎ1 is the averaged potential temperature at the height 2 m in a 30-minute period. (d) The inverse of the 
temperature log law slope denoted by 𝜅𝜃 is plotted against 
𝑧𝑖
−𝐿
 in various convective conditions shown in (c). 
The fitted slopes are shown in (a), (b) and (d) and the coefficient of determination 𝑅2 is shown in (d). The 
coefficient of determination 𝑅2 for all 10 periods in (c) are above 0.80. 
 
In addition to the DNS experiments, we analyze field observations (details in Materials and 
Methods) of the convective atmospheric boundary layer in the Cabauw Experimental Site for Atmospheric 
Research (4.926° E, 51.97° N) in the Netherlands, which are at higher Reynold number than the DNS 
experiments. A linear relation is fitted between the dimensionless temperatures 
𝛩−𝛩ℎ1
𝜃∗
 and log (𝑧+) in the 
selected 10 periods (Fig. 3c), where 𝛩 is the averaged potential temperature at heights of 10 m, 20 m, 40 
m, 80 m, 140 m and 200 m above the land surface on a tower in a 30-minute period and 𝛩ℎ1 is the averaged 
potential temperature at the height 2 m in a 30-minute period. Moreover, a linear relation can also be fitted 
between the inverse of the slope of the temperature log law (denoted by 𝜅𝜃) and 𝑧
+ in log-log plot, with an 
𝑅2 = 0.84 (Fig. 3d). The field observations confirms our DNS findings and the variations of the logarithmic 
slope with stability, 𝜅𝜃 ∝ (
−𝑧𝑖
𝐿
)
0.63
, which closely matches the relation 𝜅𝜃 ∝ (
−𝑧𝑖
𝐿
)
2/3
from the DNS datasets. 
Beside the caveat that the observation of the boundary layer height 𝑧𝑖 is limited by resolution (25, 26), this 
observational match gives us confidence that our DNS results are universal, and not impacted by the 
(higher) Reynolds number observable in the atmospheric boundary layer. 
 
Discussion  
The proposed temperature log law in the convective boundary layers can be written as 
𝜅𝜃𝑧
𝜃∗
𝜕𝛩
𝜕𝑧
= 1, 
or equivalently 
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 𝜅𝑧
𝜃∗
𝜕𝛩
𝜕𝑧
= 𝑓 (
𝑧𝑖
𝐿
), [8]  
where 𝑓 (
𝑧𝑖
𝐿
) ≡
𝜅
𝜅𝜃
 is a function that can be approximated as 𝑓 (
𝑧𝑖
𝐿
) = (
𝑧𝑖
𝐿
)
−2/3
in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −1. According to MOST, the mean potential temperature was instead assumed to depend on 𝑧/𝐿 (12) 
 𝜅𝑧
𝜃∗
𝜕𝛩
𝜕𝑧
= 𝜙ℎ (
𝑧
𝐿
), [9]  
where 𝜙ℎ  is a stability correction function dependent on the distance to the wall – leading to a non-
logarithmic profile. Both 𝑓 (
𝑧𝑖
𝐿
) and 𝜙ℎ (
𝑧
𝐿
) are corrections of the neutral temperature equation 
𝜅𝑧
𝜃∗
𝜕𝛩
𝜕𝑧
= 1. In 
our new derivation and in our observations, the function 𝑓 (
𝑧𝑖
𝐿
) does not depend on 𝑧 thus leading to a log 
law. Instead, such a dependence on 𝑧 of 𝜙ℎ (
𝑧
𝐿
), was assumed in MOST based on dimensional analysis 
with 𝑧, which is now shown to be incorrect. In our various convective DNS datasets, 
𝜅𝑧
𝜃∗
𝜕𝛩
𝜕𝑧
 approaches a 
constant that is equal to 
𝜅
𝜅𝜃
 in the constant heat flux zone (Fig. 4), thus supporting a log law for temperature 
rather than MOST. In our new theory, the proposed log layer depends on an outer layer scaling, the 
boundary layer height 𝑧𝑖. This outer layer correction, 𝑓 (
𝑧𝑖
𝐿
), is consistent with recent studies emphasizing 
the importance of outer layer scaling 𝑧𝑖 compared to the distance to the wall 𝑧 in convective conditions (27-
30). 
 
Figure 4. The dimensionless temperature gradient 
𝜅𝑧
𝜃∗
𝜕𝛩
𝜕𝑧
 in the 𝑧 direction in different convective DNS data. 
All variables have the same definition as those in Fig. 1. The black dashed line denotes the average 
𝜅𝑧
𝜃∗
𝜕𝛩
𝜕𝑧
 
in the constant heat flux zone. 
 
We report a new theory for the potential temperature profile in the near-wall region affected by 
buoyancy effects, through DNS and field observations of the convective boundary layers ranging from the 
weakly convective condition to free convection. The new temperature log law can be described by 
𝜅𝜃𝑧
𝜃∗
𝜕𝛩
𝜕𝑧
=
1, where 𝜅𝜃 = 𝜅 (
𝑧𝑖
𝐿
)
2/3
 is valid in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −1. We suggest applying the proposed 
temperature log profile to global climate models and wall models for large eddy simulations where MOST 
is generally applied. 
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Materials and Methods 
DNS of convective boundary layers. The convective ABL has been studied extensively using large eddy 
simulations (LESs) (31-33). However, uncertainties exist with their subgrid-scale models near the wall (13, 
34) and wall-modeled LESs for atmospheric studies are often based on Monin-Obukhov similarity theory 
(32, 35-37). Recently, DNS have been used to study the convective ABL (38-41), which can resolve the full 
range of turbulence scales, although the DNS Reynolds number is smaller than that in the atmosphere. In 
the 3 convective simulations named Sh2, Sh5 and Sh20, the incompressible Navier-Stokes equations with 
Boussinesq approximation are solved using the code described in a previous study (13). The boundary 
conditions for the temperature field are constant flux at the surface and zero flux at the top of the 
computational domain. Periodic boundary conditions are employed in the horizontal (𝑥 and 𝑦) directions. 
The grid points for the dataset Sh2 are 𝑛𝑥 × 𝑛𝑦 × 𝑛𝑧 = 1200 × 800 × 602, while the grid points for both Sh5 
and Sh20 are 1200 × 800 × 626 in streamwise (𝑥), spanwise (𝑦) and vertical (𝑧) directions, respectively. 
The Reynolds number is defined as 𝑅𝑒𝜏 =
𝑢𝜏𝑧𝑖
𝜈
, where 𝑢𝜏 is the friction velocity and 𝜈 the kinematic viscosity. 
Details of the DNS setup can be found in previous studies (13, 42) and are summarized in Supplementary 
Information Table S1. The selected time step is when the horizontally averaged potential temperature profile 
is almost in steady state. 
  Details of another simulation of free convection named Microhh ReL (the simulation ReL in 
Heerwaarden and Mellado (14)) can be found in previous studies (14, 43) and are summarized in 
Supplementary Information Table S1. The boundary condition for the potential temperature field is constant 
temperature at the surface and constant temperature gradient at the top boundary. The grid points are 𝑛𝑥 ×
𝑛𝑦 × 𝑛𝑧 = 1536 × 1536 × 768. Reynolds number similarity has been observed in the simulation thus the 
DNS results may be extrapolated to higher Reynolds numbers in the ABL (14). The selected time step is 
404 s when the vertically integrated kinetic energy does not vary much with time (14). 
 
Field observations of the convective atmospheric boundary layer. The Cabauw Experimental Site for 
Atmospheric Research (44) (http://www.cesar-observatory.nl/) has a tower of 213 m in height with 
observations at 2 m, 10 m, 20 m, 40 m, 80 m, 140 m and 200 m above a grass land in the Netherlands 
(4.926° E, 51.97° N), thus providing unique muiti-level temperauture observations in the atmospheric 
boundary layer. A number of 30-minute periods at 11:00-15:00 UTC in July 2019 are used as the raw data. 
The boundary layer height is retrieved from Lufft CHM 15k ceilometer (45), which is used to detect 
the top of an elevated aerosol layer. The ceilometer backscatter profiles can be used to retrieve the ABL 
height for convective conditions when the ABL is well mixed and there are significant differences between 
the aerosol content of the ABL and the free troposphere (46). The average ABL height of each 30-minute 
period is used as the raw data. 
The potential temperature is retrieved from validated temperature measurements at heights of 2 m, 
10 m, 20 m, 40 m, 80 m, 140 m and 200 m above the land surface on the 213-meter-high tower. The 
validated temperature data is named cesar_tower_meteo_lb1_t10_v1.2_201907.nc and can be 
downloaded from http://www.cesar-database.nl. The average potential temperature of each 30-minute 
period is used as the raw data. 
The validated surface fluxes is named cesar_surface_flux_lb1_t10_v1.0_201907.nc and is 
downloaded from  http://www.cesar-database.nl. The average validated surface fluxes of each 30-minute 
period is used as the raw data. 
The dimensionless temperatures 
𝛩−𝛩ℎ1
𝜃∗
 and log (𝑧+) at heights of 10 m, 20 m, 40 m, 80 m, 140 m 
and 200 m are fitted by a linear relation. The raw data are filtered base on two criteria: the coefficient of 
determination 𝑅2 > 0.80 (for 
𝛩−𝛩ℎ1
𝜃∗
 and log (𝑧+)); and the boundary layer height is larger than 1100 m. In 
fact, 𝑅2 > 0.80  is found in more than half of the temperature profiles of the 30-minute periods in the 
daytime. The boundary layer height restriction is based on the rough estimation that the atmospheric 
surface layer, i.e., the constant flux layer, is approximately the lowest 10% of the ABL (6). Besides, we 
would like to include the measurements at 200 m to ensure a wider zone of the log law and to keep more 
available ceilometer-observed ABL heights. Note that other restrictions on the boundary layer height can 
lead to different selected periods but the fitted slope between 
𝛩−𝛩ℎ1
𝜃∗
 and log (𝑧+) does not vary too much. 
These two criteria leave 10 different 30-minute periods in July 2019. 
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Detailed derivation of the temperature log law. The horizontally averaged potential temperature equation 
in the convective boundary layers can be written as  
 𝜕?̅?
𝜕𝑡
= 𝜈𝜃
𝜕2?̅?
𝜕𝑧2
−
𝜕𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
𝜕𝑧
, [10]  
where 𝜃′ is the fluctuation from mean potential temperature ?̅? (also denoted as 𝛩), 𝑡 the time coordinate, 
𝜈𝜃 the thermal diffusivity, 𝑧 the vertical coordinate, 𝑤′ is the vertical velocity fluctuation and ∙∙∙̅ the horizontal 
averaging in the 𝑥-𝑦 plane. Assuming steady state, i.e.,  
𝜕?̅?
𝜕𝑡
= 0, the above equation is reduced to  
 𝜈𝜃
𝜕2?̅?
𝜕𝑧2
−
𝜕𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
𝜕𝑧
= 0. [11]  
Integrating the above equation from 0 to some height 𝑧 near the wall, we have  
 𝜈𝜃
𝜕?̅?
𝜕𝑧|𝑧=0
= 𝜈𝜃
𝜕?̅?
𝜕𝑧
− 𝑤′𝜃′̅̅ ̅̅ ̅̅ . [12]  
In the constant heat flux zone near the wall, neglecting the thermal diffusivity term we obtain (6) 
 𝑢𝜏𝜃∗ ≡ 𝜈𝜃
𝜕?̅?
𝜕𝑧|𝑧=0
= −𝑤′𝜃′̅̅ ̅̅ ̅̅ , [13]  
where 𝑢𝜏 is the friction velocity and 𝜃∗ the temperature scaling. 
The transport equation for the heat flux 𝑤′𝜃′̅̅ ̅̅ ̅̅  in the convective atmospheric boundary layer can be 
written in the form (6) 
 𝜕𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
𝜕𝑡
=
𝑔
?̅?
𝜃′𝜃′̅̅ ̅̅ ̅̅ − 𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅
𝜕?̅?
𝜕𝑧
−
𝜕𝜃′𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝜕𝑧
−
1
?̅?
𝜃′
𝜕𝑝′
𝜕𝑧
̅̅ ̅̅ ̅̅ ̅
. [14]  
On the right-hand side of the above equation are the buoyancy term, shear term, transfer term and pressure 
term from left to right, respectively. By definition, the Obukhov length (15) is 𝐿 = −
𝑢𝜏
3
𝜅𝑔
?̅?
𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
. The ratio of the 
transfer term to the buoyancy term is 
 
𝛾1 ≡
−
𝜕𝜃′𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
𝜕𝑧
𝑔
𝜃
𝜃′𝜃′̅̅ ̅̅ ̅̅ ̅
. [15]  
The DNS datasets suggest that 𝛾1 does not change sign with 𝑧 in the constant heat flux zone at convective 
conditions (Supplementary Information Fig. S1). The vertically averaged 𝛾1 in the constant heat flux zone 
varies from 0.18  to 0.24  in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −7.1 , and approaches −0.06  at 
𝑧𝑖
𝐿
=
−100 288.4. 
The pressure term in 𝑤′𝜃′̅̅ ̅̅ ̅̅  equation is approximated by the Rotta model (47) while keeping the slow 
component and the buoyancy term (48), 
 1
?̅?
𝜃′
𝜕𝑝′
𝜕𝑧
̅̅ ̅̅ ̅̅ ̅
≈
𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
𝜏𝜃
+ 𝛼1
𝑔
?̅?
𝜃′𝜃′̅̅ ̅̅ ̅̅ , [16]  
where 𝜏𝜃  is a return-to-isotropy time scale and 𝛼1  is a constant (48, 49). Assuming steady state and 
multiplying each term by 
𝜅𝑧
𝑢𝜏
2𝜃∗
 as in Wyngaard, Coté and Izumi (50), the 𝑤′𝜃′̅̅ ̅̅ ̅̅  transport equation in the 
constant heat flux zone can be simplified as  
 𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅
𝑢𝜏
2
𝜅𝑧
𝜃∗
𝜕?̅?
𝜕𝑧
− (1 − 𝛼1 + 𝛾1)
𝑧
𝐿
𝜃′𝜃′̅̅ ̅̅ ̅̅ ̅
𝜃∗
2 −
𝜅𝑧 
𝑢𝜏𝜏𝜃
= 0. [17]  
The ratio of the buoyancy term and the pressure term is 
 
𝛼2 ≡
𝑔
?̅?
𝜃′𝜃′̅̅ ̅̅ ̅̅ ̅
1
𝜌
𝜃′
𝜕𝑝′
𝜕𝑧
̅̅ ̅̅ ̅̅ ̅̅ ≈
𝑔
?̅?
𝜃′𝜃′̅̅ ̅̅ ̅̅ ̅
𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅̅
𝜏𝜃
+𝛼1
𝑔
?̅?
𝜃′𝜃′̅̅ ̅̅ ̅̅ ̅
. [18]  
The DNS datasets show that the vertically averaged 𝛼2 varies from 0.64 at weakly convective conditions 
(
𝑧𝑖
𝐿
= −7.1) to 2.66 at free convection (
𝑧𝑖
𝐿
= −100288.4). Besides, the variation of 𝛼2 with height 𝑧 is less than 
11% in the constant heat flux zone within each DNS experiment. Therefore, 𝛼2 is mainly a function of 
𝑧𝑖
𝐿
. 
According to the definition of 𝛼2 and the Rotta model, we obtain 
 𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅̅
𝜏𝜃
𝑔
?̅?
𝜃′𝜃′̅̅ ̅̅ ̅̅ ̅
=
1
𝛼2
− 𝛼1. [19]  
The 𝑤′𝜃′̅̅ ̅̅ ̅̅  transport equation can then be reduced to  
 
𝑢𝜏𝜃∗
𝜕?̅?
𝜕𝑧
=
𝜅𝑧
𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅
𝑢𝜏
1−𝛼2−𝛼2𝛾1
1−𝛼1𝛼2
𝜅𝑧 
𝑢𝜏𝜏𝜃
=
1−𝛼1𝛼2
1−𝛼2−𝛼2𝛾1
𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅𝜏𝜃. [20]  
Similarly to the definition of the velocity relaxation time 𝜏𝑢 ≡
𝑒
𝜖
 (47, 51), we have  
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 𝜏𝜃 ≡
𝜃′𝜃′̅̅ ̅̅ ̅̅ ̅
2𝜖𝜃
, [21]  
where 𝑒 is the turbulent kinetic energy (TKE), 𝜖 is the TKE dissipation rate and 𝜖𝜃 is the dissipation rate of 
potential temperature variance. The DNS datasets suggest that 𝜏𝜃 ∝ 𝑧
1/3 (Supplementary Information Fig. 
S2) can be a good approximation in the constant heat flux zone at various convective conditions.  
Above the Obukhov length – 𝐿, heat flux and turbulent intensities are functions only of 
𝑧
𝑧𝑖
 and 𝑤∗, 
which is defined as (24, 52) 
 
𝑤∗ = (
𝑔
?̅?
𝑧𝑖𝑤′𝜃′̅̅ ̅̅ ̅̅ )
1/3
. [22]  
Moeng and Wyngaard (48) showed that 𝜏𝜃 is also related to boundary layer height 𝑧𝑖. From dimensional 
analysis and the DNS results, we obtain  
 
𝜏𝜃 = 𝛼3
𝑧
𝑖
2
3𝑧
1
3
𝑤∗
, [23]  
where 𝛼3 ≈ 0.36 in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −7.1 and 𝛼3 decreases to 0.21 at 
𝑧𝑖
𝐿
= −100288.4. The 
𝑤′𝜃′̅̅ ̅̅ ̅̅  transport equation can be further reduced to  
 
𝑢𝜏𝜃∗
𝜕?̅?
𝜕𝑧
=
1−𝛼1𝛼2
1−𝛼2−𝛼2𝛾1
𝛼3𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅
𝑧
𝑖
2
3𝑧
1
3
𝑤∗
. [24]  
The group of coefficients in the above equation can be written as 
 𝛼4 ≡
1−𝛼1𝛼2
1−𝛼2−𝛼2𝛾1
, [25]  
which may vary with 
𝑧𝑖
𝐿
 in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −7.1 mainly due to the variation of 𝛼2. And 𝛼4 
might also vary height 𝑧 in the constant heat flux region due to the variations of 𝛾1  and 𝛼2 . At highly 
convective conditions, Wyngaard, Coté and Izumi (50) obtained the following approximation  
 
𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅ = 3.6𝑢𝜏
2 (
𝑧
𝐿
)
2/3
, [26]  
which is also a good approximation for the constant heat flux zone in the DNS data (Supplementary 
Information Fig. S3). As it becomes more unstable, 𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅ becomes closer to (𝑧+)2/3 in the constant heat 
flux zone. The 𝑤′𝜃′̅̅ ̅̅ ̅̅  transport equation can thus be written as 
 
−
𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
𝜕?̅?
𝜕𝑧
=
𝑢𝜏𝜃∗
𝜕?̅?
𝜕𝑧
= 3.6𝛼3𝛼4 (
𝑧𝑖
𝐿
)
2
3 𝑢𝜏
2
𝑤∗
𝑧. [27]  
 
 
Supplementary Information 
Velocity profiles in the near-wall region. A log law for normalized velocity 
𝑈
𝑢𝜏
 and 𝑧+ is fitted using the 
same slope as the temperature log profile in the constant heat flux zone denoted by the blue dashed line 
(Supplementary Information Fig. S4), where 𝑈  is the mean streamwise velocity. The coefficient of 
determination 𝑅2 is 1.00 in the weakly unstable case Sh20 (
𝑧𝑖
𝐿
= −7.1) and the variation of momentum flux 
𝑤′𝑢′̅̅ ̅̅ ̅̅  is only 6% in the constant heat flux zone. Therefore, a velocity log law and constant momentum flux 
can still be observed in the weakly unstable condition (
𝑧𝑖
𝐿
= −7.1) with a slope 
1
5.89𝜅
 smaller than 
1
𝜅
 of 
turbulent shear flows. However, the coefficient of determination 𝑅2 decreases to 0.22 at more unstable 
conditions (
𝑧𝑖
𝐿
= −105.1 and 
𝑧𝑖
𝐿
= −678.2) and even to −0.03 at free convection. Meanwhile, the variation of 
the momentum flux 𝑤′𝑢′̅̅ ̅̅ ̅̅  is 17% (
𝑧𝑖
𝐿
= −105.1), 11% (
𝑧𝑖
𝐿
= −678.2) and 76% (
𝑧𝑖
𝐿
= −100288.4) in the constant 
heat flux zone, respectively. Therefore, the velocity log law or constant momentum flux is not observed in 
more convective conditions (
𝑧𝑖
𝐿
≤  −105.1), which is still consistent with the deviation from the velocity log 
law due to buoyancy effects (16-19).  
The horizontally averaged velocity equation in the convective boundary layers can be written as  
 𝜕𝑢
𝜕𝑡
= 𝜈
𝜕2𝑢
𝜕𝑧2
−
𝜕𝑤′𝑢′̅̅ ̅̅ ̅̅ ̅
𝜕𝑧
, [28]  
where 𝑢′ is the fluctuation from mean streamwise velocity ?̅? (also denoted as 𝑈). Assuming steady state, 
i.e.,  
𝜕𝑢
𝜕𝑡
= 0, the above equation is reduced to 
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 𝜈
𝜕2𝑢
𝜕𝑧2
−
𝜕𝑤′𝑢′̅̅ ̅̅ ̅̅ ̅
𝜕𝑧
= 0. [29]  
Integrating the above equation from 0 to some height 𝑧 near the wall, we have  
 𝜈
𝜕𝑢
𝜕𝑧|𝑧=0
= 𝜈 
𝜕𝑢
𝜕𝑧
− 𝑤′𝑢′̅̅ ̅̅ ̅̅ . [30]  
In the constant momentum flux zone near the wall, neglecting the viscous term we obtain 
 𝑢𝜏
2 ≡ 𝜈
𝜕𝑢
𝜕𝑧|𝑧=0
= −𝑤′𝑢′̅̅ ̅̅ ̅̅ . [31]  
The transport equation for the momentum flux 𝑤′𝑢′̅̅ ̅̅ ̅̅  in the convective atmospheric boundary layer 
can be written in the form (6) 
 𝜕𝑤′𝑢′̅̅ ̅̅ ̅̅ ̅
𝜕𝑡
=
𝑔
?̅?
𝑢′𝜃′̅̅ ̅̅ ̅̅ − 𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅
𝜕𝑢
𝜕𝑧
−
𝜕𝑢′𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝜕𝑧
−
1
?̅?
𝑢′
𝜕𝑝′
𝜕𝑧
+ 𝑤′
𝜕𝑝′
𝜕𝑥
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
. [32]  
On the right-hand side of the above 𝑤′𝑢′̅̅ ̅̅ ̅̅  equation are the buoyancy term, shear term, transfer term and 
pressure term from left to right, respectively. The ratio of the transfer term to the pressure term in 𝑤′𝑢′̅̅ ̅̅ ̅̅  
equation is 
 
𝛾11 ≡
𝜕𝑢′𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
𝜕𝑧
1
𝜌
𝑢′
𝜕𝑝′
𝜕𝑧
+𝑤′
𝜕𝑝′
𝜕𝑥
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ . [33]  
The DNS datasets suggest that 𝛾11 changes sign with 𝑧 in the constant heat flux zone in the stability range 
−100 288.4 ≤
𝑧𝑖
𝐿
≤ −105.1 (Supplementary Information Fig. S5). The mean of 𝛾11 in the constant heat flux 
region varies between −0.24 and 0.66 in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −7.1, and approaches −23.26 at 
𝑧𝑖
𝐿
= −100288.4.  
The pressure decorrelation term is approximated by the Rotta model (47) while keeping the slow 
component and the buoyancy term (48), 
 1
?̅?
𝑢′
𝜕𝑝′
𝜕𝑧
+ 𝑤′
𝜕𝑝′
𝜕𝑥
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
≈
𝑤′𝑢′̅̅ ̅̅ ̅̅ ̅
𝜏𝑢
+ 𝛼1
𝑔
?̅?
𝑢′𝜃′̅̅ ̅̅ ̅̅ , [34]  
where 𝜏𝑢 is a return-to-isotropy time scale and 𝛼1 is a constant (48, 49). The ratio of the buoyancy term to 
the pressure term is 
 
𝛼22 ≡
𝑔
?̅?
𝑢′𝜃′̅̅ ̅̅ ̅̅ ̅
1
𝜌
𝑢′
𝜕𝑝′
𝜕𝑧
+𝑤′
𝜕𝑝′
𝜕𝑥
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ≈
𝑔
?̅?
𝑢′𝜃′̅̅ ̅̅ ̅̅ ̅
𝑤′𝑢′̅̅ ̅̅ ̅̅ ̅̅
𝜏𝑢
+𝛼1
𝑔
?̅?
𝑢′𝜃′̅̅ ̅̅ ̅̅ ̅
. [35]  
The DNS datasets show that the ratio of the buoyancy term to pressure term does not change sign with 𝑧 
in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −7.1 but changes sign with 𝑧 at 
𝑧𝑖
𝐿
= −100288.4 in the constant heat flux 
layer. The mean of 𝛼22 in the constant heat flux layer decreases from 0.57 to 0.33 when 
𝑧𝑖
𝐿
 decreases from 
−7.1 to −678.2. At 
𝑧𝑖
𝐿
= −100288.4, the mean of 𝛼22 is 7.70 in the constant heat flux zone. 
The 𝑤′𝑢′̅̅ ̅̅ ̅̅  transport equation can then be reduced to 
 𝛼1(𝛼22 − 𝛾11 − 1)
𝑧
𝐿
𝑢′𝜃′̅̅ ̅̅ ̅̅ ̅
𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
+
𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅
𝑢𝜏
2
𝜅𝑧
𝑢𝜏
𝜕𝑢
𝜕𝑧
+
𝜅𝑧
𝑢𝜏
 𝜏𝑢
𝑤′𝑢′̅̅ ̅̅ ̅̅ ̅
𝑢𝜏
2 (1 + 𝛾11 − 𝛼22) = 0, [36]  
Assuming constant momentum flux at some region near the wall, we have 
 −𝛼1(1 + 𝛾11 − 𝛼22)
𝑧
𝐿
𝑢′𝜃′̅̅ ̅̅ ̅̅ ̅
𝑤′𝜃′̅̅ ̅̅ ̅̅ ̅
+
𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅
𝑢𝜏
2
𝜅𝑧
𝑢𝜏
𝜕𝑢
𝜕𝑧
−
𝜅𝑧
𝑢𝜏
 𝜏𝑢
(1 + 𝛾11 − 𝛼22) = 0. [37]  
After some algebra, we obtain 
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 −
𝛼1𝛼22(1+𝛾11−𝛼22)
1−𝛼1𝛼22
𝜅𝑧
𝑢𝜏
 𝜏𝑢
+
𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅
𝑢𝜏
2
𝜅𝑧
𝑢𝜏
𝜕𝑢
𝜕𝑧
−
𝜅𝑧
𝑢𝜏
 𝜏𝑢
(1 + 𝛾11 − 𝛼22) = 0, [38]  
which can be further reduced to 
 𝑢𝜏2 
𝜕?̅?
𝜕𝑧
=
1−𝛼1𝛼22
1+𝛾11−𝛼22
𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅𝜏𝑢. [39]  
Similarly to 𝜏𝜃, the approximation 𝜏𝑢 ∝ 𝑧
1/3 can be applied in the DNS datasets (Supplementary Information 
Fig. S6), although the approximation is not as good as that for 𝜏𝜃. In analogy with 𝜏𝜃, from dimensional 
analysis and the DNS results, we obtain 
 
𝜏𝑢 = 𝛼33
𝑧
𝑖
2
3𝑧
1
3
𝑤∗
, [40]  
where 𝛼33 ≈ 1.7 in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −7.1 and 𝛼3 increases to 3.5 at 
𝑧𝑖
𝐿
= −100288.4.  Again 
we apply the approximation 𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅ = 3.6𝑢𝜏
2 (
𝑧
𝐿
)
2/3
of Wyngaard, Coté and Izumi (50) as in the derivation of 
temperature log law. Thus we obtain 
 
−
𝑤′𝑢′̅̅ ̅̅ ̅̅ ̅
𝜕?̅?
𝜕𝑧
=
𝑢𝜏
2 
𝜕?̅?
𝜕𝑧
= 3.6
1−𝛼1𝛼22
1+𝛾11−𝛼22
𝛼33 (
𝑧𝑖
𝐿
)
2
3 𝑢𝜏
2
𝑤∗
 𝑧. [41]  
The coefficients in the above equation can be written as 
 𝛼44 ≡
1−𝛼1𝛼22
1+𝛾11−𝛼22
. [42]  
𝛼44 may vary with 𝑧 due to the variation of  𝛾11 with 𝑧 in the stability range −678.2 ≤
𝑧𝑖
𝐿
≤ −105.1. Invoking 
the eddy viscosity assumption, we have  
 𝜈𝑇 ≡ −
𝑤′𝑢′̅̅ ̅̅ ̅̅ ̅
𝜕?̅?
𝜕𝑧
, [43]  
where 𝜈𝑇 is the turbulent viscosity. The DNS datasets support that 𝜈𝑇 ∝ 𝑧 (Supplementary Information Fig. 
S7) at the weakly unstable condition (
𝑧𝑖
𝐿
= −7.1). However,  𝜈𝑇 oscillates a lot with 𝑧 at and is not linearly 
related to 𝑧 at 
𝑧𝑖
𝐿
= −105.1, thus supporting the variation of 𝛼44 with 𝑧. Moreover, there are negative values 
of 𝜈𝑇 in the near wall region at 
𝑧𝑖
𝐿
≤ −105.1 in contrast to positive 𝜈𝑇𝜃 (Fig. 2), which may further influence 
the possible log law. Therefore, there is not a general velocity log law in convective conditions, which is 
also consistent with previous descriptions of velocity profiles (16). 
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Table S1. Details of DNS set-up of convective boundary layers ranging from the weakly convective 
condition to free convection. 𝑅𝑒𝜏 =
𝑢𝜏𝑧𝑖
𝜈
 is Reynolds number, 𝑢𝜏 is the friction velocity, 𝜈 is the kinematic 
viscosity, 𝑧𝑖 is the boundary layer height, 𝐿 is the Obukhov length, 𝐿𝑥, 𝐿𝑦 and 𝐿𝑧 are the domain sizes in the 
𝑥, 𝑦 and 𝑧 directions, respectively. Δ𝑥
+ =
Δ𝑥𝑢𝜏
𝜈
 , Δ𝑦
+ and Δ𝑧
+ are the spatial grid resolutions denoted by inner 
units in the 𝑥, 𝑦 and 𝑧 directions, respectively. 
DNS data 𝑅𝑒𝜏 
𝑧𝑖
𝐿
 
𝐿𝑥
𝐿𝑦
 
𝐿𝑥
𝐿𝑧
 
Δ𝑥
+ Δ𝑦
+ Δ𝑧
+ 
Microhh 
ReL 
80 -100288.4 1 1.87 0.19 0.19 0.21 
Sh2 309 -678.2 1.5 6 2.87 2.87 0.71 
Sh5 554 -105.1 1.5 6 4.95 4.95 1.19 
Sh20 1243 -7.1 1.5 6 11.02 11.02 2.65 
 
 
Fig. S1. Vertical profiles of the ratio of the transfer term and buoyancy term, the ratio of the transfer and 
pressure term defined in the transport equation for the heat flux < 𝑤′𝜃′ > (or 𝑤′𝜃′̅̅ ̅̅ ̅̅ ), and normalized heat 
flux in different convective DNS data. The black dashed line denotes the mean −
<𝑤′𝜃′> 
𝑢𝜏𝜃∗
 in the constant 
heat flux zone. The red dashed line denotes the mean of the ratio of the transfer term and buoyancy term, 
and the blue dashed line denotes the mean of the ratio of the transfer term and pressure term in the constant 
heat flux zone.  
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Fig. S2. The dimensionless relaxation time 
𝜏𝜃𝑢𝜏
𝑧𝑖
 in the 𝑧 direction in different convective DNS data. 𝜏𝜃 is a 
return-to-isotropy time scale. The black dashed line indicates 𝜏𝜃 ∝ 𝑧
1/3 in the constant heat flux zone. 
 
Fig. S3. The normalized variance of vertical velocity < 𝑤′𝑤′ > and heat flux < 𝑤′𝜃′ > in the 𝑧 direction in 
different convective DNS data. The black dashed line denotes the constant heat flux. The red dashed line 
denotes a 2/3 slope in the constant heat flux zone. 
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Fig. S4. Vertical profiles of normalized streamwise velocity and momentum flux averaged in the 𝑥-𝑦 plane 
in different convective DNS data. 𝑈 is mean streamwise velocity in the 𝑥-𝑦 plane, 𝑤′ is the fluctuation of 
vertical velocity and 𝑢′ is the fluctuation of streamwise velocity. The black dashed line denotes the fitted log 
profile using the slope of the temperature log law. The blue dashed line denotes the mean momentum flux 
in the constant heat flux zone. 
 
Fig. S5. Vertical profiles of the ratio of the transfer and buoyancy term, the ratio of the transfer and buoyancy 
term defined in the transport equation for the momentum flux < 𝑤′𝑢′ >, and normalized momentum flux 
−<𝑤′𝑢′>
𝑢𝜏
2  in different convective DNS data. The black dashed line denotes mean −
<𝑤′𝑢′>
𝑢𝜏
2  in the constant heat 
flux zone. The red dashed line denotes mean of the ratio of the transfer and buoyancy term and the blue 
dashed line denotes the mean of the ratio of the transfer to pressure term in the constant heat flux zone. 
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Fig. S6. The dimensionless relaxation time 
𝜏𝑢𝑢𝜏
𝑧𝑖
 in the 𝑧 direction in different convective DNS data. 𝜏𝑢 is a 
return-to-isotropy time scale. The black dashed line indicates 𝜏𝑢 ∝ 𝑧
1/3 in the constant heat flux zone. 
 
Fig. S7. The dimensionless turbulent eddy viscosity 
𝜈𝑇
𝑢𝜏𝑧𝑖
 in the 𝑧 direction in different convective DNS data. 
𝜈𝑇 is the turbulent diffusivity for velocity. The blue dashed line indicates linear regression in the constant 
heat flux zone. 
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